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Abstract 

Let A{x) be the error term of the Dirichlet divisor problem. An 
asymptotic formula with the error term 0(7^^^/^*+"^) is established for 
the integral A'^{x)dx. Similar results are also established for some 
other well-known error terms in the analytic number theory . 



1 Introduction and main results 

Let d{n) denote the Dirichlet divisor function and A(x) denote the error 
term of the sum ^n<x d{n) for a large real variable x. Dirichlet first proved 
that A(x) = 0(x^/^). The exponent 1/2 was improved by many authors. 
The latest result reads 

A(x) « xl3V416(iog^)26947/8320^ (l ^) 

proved by Huxley [3]. It is conjectured that 

A(x) =0(xi/^+"), (1.2) 
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which is supported by the classical mean-square result 

£ A\x)dx = ^^^T^' + 0{T\og' T) (1.3) 

proved by Tong[10]. 

Tsang[ll] studied the third- and fourth-power moments of A(a;). He 
proved that the asymptotic formulas 

r K\x)dx = ^T'"^ + 0{T'"^-^^+') (1.4) 

and 

A\x)dx = + 0(r2-^^+^) (1.5) 

hold, where 61 = 1/14, 82 = 1/23, 

ci := {al3{a + (3))-^/^h-^/\{h)\d{a^h)d{l3^h)d{{a + (3fh), 

a,l3,heN 

C2 := {nmkl)-^'^d{n)d{m)d{k)d{l). 

Vk+Vl 

Recently in [12] the author proved that (1.4) holds for 5i = 1/4. Ivic and 
Sargos[7] proved that (1.4) holds for 5i = 7/20. The author got this exponent 
independently. However , Professor Ivic kindly informed the author that the 
exponent Si = 7/20 had already been obtained by Professor Tsang several 
years ago but he had never published this result. 

Following Tsang's approach , in [12] the author proved that (1.5) holds 
for S2 = 2/41. This approach used the method of exponential sums. Es- 
pecially if the exponent pair conjecture is true, namely, if (£,1/2 -|- e) is 
an exponent pair, then (1.5) holds for 82 = 1/14. However, in [7] Ivic and 
Sargos ingeniously proved a substantially better result . They proved that 
(1.5) holds for 62 = 1/12. 

In this paper, combining the method of [7] and a recent deep result of 
Robert and Sargos [9], we shall prove the following 

Theorem 1. We have 

r A\x)dx = + 0(t53/28+.). (1.6) 

J2 M-K^ 

The theorem is also true for other error terms . Let P{x) denotes the 
error term of the Gauss circle problem , which is an error term similar to 
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A{x). Let a(n) be the Fourier coefficients of a holomorphic cusp form of 
weight K = 2n> 12 for the full modular group and define 

A{x) := a{n), x>2. 

n<x 

We then have the following two corollaries, which improve the previous 
results([2], [11], [12]). 

Corollary 1. We have 

£ P^{x)dx = CT^ + 0(r53/28+e)_ ^^ ^-^ 

Corollary 2. We have 

J y4^(x)dx = s«r2« + o(r2«-3/28+^). (1.8) 



Now let's consider E{t), defined by 
ft 1 

E{t):= / \C{- + iu)fdu-tlog{t/2Tr)-{2^-l)t, t>2. (1.9) 
Jo ^ 

Tsang[ll] also studied the fourth-power moment of E(t) by using Atkin- 
son's formula[l] and proved that 

r E^{t)dt = —C2T^ + 0{T^-^^+') (1.10) 

with some unspecified constant S3 > 0. 

Ivic[4] used a different way to study the higher power moments of E{t). 
The following is his approach. Let 

A*(a;) := ^ ^ (-l)"d(n) -x(logx + 27- 1), x > 1. (1.11) 

n<Ax 

Then for 1< A/" < x, we have[6] 

A*{x) = ^ V(-l)"d(n)n-3/4xV4cos(47rV^-7r/4) + 0(x^/2+s^-i/2) 

(1.12) 
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Jutila[8] proved that 



f {E{t) - 2Tr A* {^)fdt < r^/^ log3 T, 



(1.13) 



which means that E(t) is well approximated by 27rA*(^) at least in the 
mean square sense. Prom (1.13) Ivic[4] deduced that 



Thus the fourth power moment of E(t) was transformed into the fourth 
power moment of A*(t), which can be dealt with in the same way as the 
fourth power moment of A(x). By Tsang's result [11] , Ivic deduced from 
(1.14) that (1.10) holds for ^3 = 1/23. In [7], Ivic and Sargos proved that 
one can take 6s = 1/12. 

It is easy to see that 1/12 is the limit of this approach since it is the 
limit of Jutila's result (1.13). In this paper, we shall use a different way to 
prove the following 

Theorem 2. We have 



Remark. The proof of Theorem 2 doesn't use (1-13) and it is actually 
a generalization of the approach used in the author [13]. In [14] the author 
used a similar method to study the third power moment of E{t). 

Acknowledgement. I am very grateful to the referee for many valu- 
able suggestions . Especially he gave a direct proof of Lemma 3, which is 
much easier than my previous approach. I wish to thank Professor Ivic and 
Professor Robert, who kindly send me the papers [7] and [9], respectively. 

Notations. Throughout this paper, [x] denotes the integer part of x, 
\\x\\ denotes the distance from x to the integer nearest to x, n ~ A'' means 
N < n < 2N, n >i N means CiN < n < C2N for positive constants 
Ci < C2. £ always denotes a small positive constant which may be different 
at different places. We shall use the estimate d{n) ^ freely. 

2 The spacing problem of the square roots 

In the proofs of Theorem 1 and 2 , the sums and differences of square roots 
will appear in the exponential. Thus we should study the spacing problem 
of the square roots. 




(1.14) 




(1.15) 
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We need the following Lemmas. Lemma 1 is a special case of a new 
result proved in Robert and Sargos[9], which also plays an important role 
in this paper. Lemma 2 is Lemma 3 of Tsang [11]. Lemma 3 provides an 
upper bound of the number of solutions of the inequality 

\n^^ + nl/^ ±ny'^ -nj'^\< i:^, nj ^ Nj{j = 1,2,3, A), (2.1) 

where Nj > 2(j = 1,2,3,4) are real numbers . Lemma 4 is essentially 
Lemma 3 of Ivic and Sargos[7], but we added the case a <C 1. Lemma 
5 is essentially Lemma 5 of [7], but the term K mm{M, M' , L) therein is 
superfluous since we add the condition \^/n + ^/m — Vk — Vl\ > in Lemma 
5, and so we give a new proof here. Lemma 6 is Lemma 6 of [7]. 

Lemma 1. Suppose > 2, A > 0. Let A{N; A) denote the number of 
solutions of the inequality 



\n/'^ + nl^'^ - n/^ - nj^\ < A, nj ~ N{j = 1, 2, 3, 4), 



then 



AiN; A) < (AA^^/2 + N^)N'. 

Lemma 2. If n,m,k,l G N such that y/n + y/m ± ^/k — a/I / 0, then 
respectively, 

\^/n + \fm =b \Pk — \/I| 3> max(n, m, k, . 

Lemma 3. Suppose Nj > 2{j = 1, 2, 3, 4), A > 0. Let A±{Ni,N2,N3, N^; A) 
denote the number of solutions of the inequality (2.1), then we have 

4 

A±iN,,N2,Ns,Nr,A) « ll{A'/^Ny^ + Ny^)N^. 

i=i 

Proof. We shall use a combinatorial argument to prove this Lemma. Let 
{ui} and {bi} be two finite sequences of real numbers. Let A > . Suppose 
no and J(a positive integer) are chosen so that {aj} C (uq, uq + J A], {bi} C 
(no, no + J A]. Divide this interval into the abutting subintervals Ij := {uq + 
j A, no + {j + 1)A] for j = 0, 1, • • • , J - 1 and then let 

Nj{A) := #{i : a, G Ij},Nj{B) := #{i : 6, G 
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If \ar — bs\ < A, then either both and bg he in the same subinterval Ij, 
or they he in adjacent subintervals Ij and Ij+i- Hence 

#{(r,s) : \ar-bs\ < A} 

j j j 

3 j 

by Cauchy-Schwarz's inequahty. On the other hand , we have 

Nj{Af = r') : a„ a,. G /,} 

3 j 

<#{(r,r') : |a^-a^/| < A}, 
and similarly for Nj[B)'^. Thus we get the bound 

#{{r,s):\ar-bs\<A} (2.2) 

< 3(#{(r,/) : \ar - < A})V2(#|(s, s') : % - bs'\ < A})V2. 

Suppose nj,nj Nj{j = 1,2,3,4). Applying (2.2) to the sequences 
A = {^/iv[ + ^/n^ and B = {^/n^ + ^/n4}, we get 

^_(iVi,iV2,Af3,iV4) = #{(ni,n2,n3,n4) : \n/^ + n^^^ - n/^ - nj^\ < A} 

(2.3) 

< 3(#{(ni,n2,n;,n'2) : \n/^ + nl^^ - n'l^^ - n^^^\ < A})^^ 
x(#{(n3,n4,n^,<) : 1^^^ + nj' - 4''' - n'^^'l < A})'/\ 

Using the previous bound to the sequences Ai = {n^^"^ — n'j^^^}, Bi = {n^^^ — 
and A2 = {n^^^ — n^^'^},B2 = {n\^^ — n'^^'^}, respectively, we get 

4 

^_(iVi, 7V2, iVa, 7V4) < 9 J] ^-(AT,-, TV,., TV,-, 7V,y/4, (2.4) 

3=1 

which combining Lemma 1 gives Lemma 3 for the case The proof for 
the case "+" is similar. 

□ 
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Lemma 4. Suppose K > 10, a,/? G R, 2K~'^/'^ < \a\ < if^s and 
< (5 < 1/2. Then we have 

#{k^K : 11/3 + aV^II < 6} ^ K6 + K^/'^+^ . 

Proof. Without loss of generahty, suppose a > 0. Let M = #{k ~ ii' : 
\\P + a\/fc|| < 5}. If 1 <C a <C K^/"^, from Lemma 3 of Ivic and Sargos[7] we 

Now suppose Since ||t|| is a periodic function with 

period 1, we suppose < /3 < 1. If ||/3 + a-\/k\\ < S, then there exists a 
unique I G [a^/K, 2a\fK + 2] such that 

{l-P- 5f/a^ <k<{l-P + df/a^, 

which impUes 

< {il-^'rbflo?-{l-^-bfla'^\) 

if we notice a <^1. □ 

Lemma 5. Suppose I < N < M,l < L < K, N < L, M K, 
< A < i^V2. Let ^i(iV,M,iC,L; A) denote the number of solutions of 
the inequality 

< I + \/rn -Vk-Vl\< /S. 
with n ^ N,m ^ M,k ^ K,l L. Then we have 

Ai{N, M, K, L; A) < AK^/'^NML + NLK^''^+^. 

Especially if AKV^ > then 

^i(iV, M, i^, L; A) < AK'^/^NML. 

Proof. If (ra, TO, A;, Z) satisfies \^/n + sfm — \fk — < A , then we get 

m = A; + 2A;V2 ( - V^) + (VI - V")^ + 
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with |u| < CH^K^I'^ for some absolute constant C > 0. Hence .4i(Ar, M, K, L; A) 
does not exceed the number of solutions of the inequality 

(2.5) 

with n N M, k ^ K,l ^ L. 

If AK^^"^ ^ 1, then for fixed (n, k, I), the number of m for which (2.5) 
holds is < 1 + ^ AK^/"^ if we notice K ^M. Hence 

Ai{N, M, K, L; A) < AK^/'^NML. 

Now suppose Ai^^/^ < 1/4C. For fixed (n, /c,Z), there is at most one m 
such that (2.14) holds. If such m exists, then we have 

\\2k^/\Vl -^/K) + {Vl- VKfW < CAK^/^ (2.6) 

We shall use Lemma 4 to bound the number of solutions of (2.6) with 
a = 2(\/I — ^/n), P = (\/I — \/n)^- Let Ci denote the number of solutions of 
(2.6) with |a| > 2K~^/^, and C2 the number of solutions with \a\ < 2K~^/'^, 
respectively. By Lemma 4 we get 

if we notice M i< K. Now we estimate C2. From \a\ < 2K^^^'^, we get N >i L. 
If I = n, then from (2.5) we get k = m. This contradicts to \^/n + s/rn — 
^/k-^/l\>0. Thus I ^ n. Prom 

2if-V2 >\Vi-V^\ = > -jj^ > 1/2V2L 

Vl + Vn Vl + vn 

we get L:^ K and thus iV x M x K x L. So we have 

C2 < #{{l,n) : |a| < 2iC-V2} x #{k} < i^^ 

which can be absorbed into the estimate of Ci . This completes the proof of 
Lemma 5. □ 

Lemma 6. Suppose l<iV<M<KxL, 0<A< lV2. Let 
A2{N, M, K, L; A) denote the number of solutions of the inequality 

\Vn + y/m + Vk-Vl\<A 

with n ^ N,m ^ M^k ^ K,l ^ L. Then we have 

A2{N, M, K, L; A) < AL^/'^NMK + NMK^/^+\ 

Especially if AL^/^ » 1, then 

A2{N, M, K, L; A) <C AL^/'^NMK. 
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3 Proof of Theorem 1 

Suppose T > 10. It suffices to evaluate the integral J^^ A*{x)dx. Suppose 
y = For any T < x < 2T, by the truncated Voronoi's formula we get 

A(ar) = ^7^ + (xV2+V'/2), (3.1) 



where 



7^ := n{x) = ^ cos(47rV^ - j] 



^ n3/4 

n<y 



We have 

r2T 1 r2T 



/ A\x)dx = ^ / n'^dx + 0(r9/4+-y-V2 + r3+-y-2) (3.2) 
Let 

5" = 5^(71, m, k, I) := {nmkl)~^d{n)d{m)d{k)d{l),fov n, m,k,l< y, 

and 5 = otherwise. 

The equation (3.4) of Tsang[ll] reads 



nf = Si{x) + S2{x) + Saix) + S4{x), (3.3) 



where 



Vk+Vl 

3 ^ 

S2{x) := - 'S~] gxcos{An{^yrl + \/m — Vk — Vl)\/x), 

>S'3(x) := ^ ^ s'x sin(47r(\/ra + \/m + Vk — Vl)^/x), 
5*4 (x) := ^5'xcos(47r(-v/n + Vm + Vk + ^fVj^/x). 
Prom (3.7) of [11] we get 

/ Si{x)dx = ^ xdx + 0{T'^-^'^^+'). (3.4) 
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Prom the first derivative test we get 

f2T 



J Si{x)dx < T3/2+^yV2 ^ 2.i5/8+£_ (3 5) 

Now let us consider the contribution of 52 (x). By the first derivative test 
we get 

/ S2{x)dx^ J2 gmin ^ (3.6) 

Jt ,^ \ \Jn + Jm - - yl\ 



n .7n.k .l<y 



\^/n + ^/m - \fk - a/II 
^T'G{N, M, K, L), 



where 

G(N, M,K,L)=y"g min [T^, ^ ' ^ ^ ) , 

SC(Si) ■.^ + ^^\fk + \ri,l<N<M<y,l<L<K<y, 
N < L,n ^ N,m ^ M,k ^ K,l ^ L. 

If M > lOOK, then \^/n+^/m-Vk-Vl\ > M^/^ so the trivial estimate 
yields 

tI+^nmkl 3,, 1 i./o,, 

« (ArMKL)3/4MV2 « ^^"^^^ « 

If K > lOOM, we get the same estimate. So later we always suppose 
that M X K. 

Let ry = s/n + — — Vl- Write 

G(Af,M,i^,L,i?) =Gi + G2 + G3, (3.7) 

where 

|r?|<T-i/2 
T-1/2<|^|<1 

G3 :=rf 5^ ^H-i. 
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We estimate Gi first. Prom \ri\ < r-V2 get M x if » T^^ via 
Lemma 2. By Lemma 5 we get 

{NMKLy/^ V J 

^ 2^3/2+.yl/2 ^ T^+e(^NL^l/^K-l 

< Ti5/8+e ^ T2+^(ArL)i/4^-i. 
By Lemma 3 we get (notice N < L < K) 

2-2+£ 

Gi < T —A-{N,M,K,L-T-^'h (3.9) 

{NMKLf/^ (r-V8ivV8 + ivV2) (^r-V8L^/8 + lV2) (^t-V4kV4 + 

j,2+e J^^-1/8^1/8 ^ ^-1/4^ + (t-I/^K^/^ + 

2.2+. (|r-i/4(jvL)V8 + T-y^L^^N-y^ + (ArL)-V4) (r-y^K^^ + ^-1/2^ 
« T^+^T-y^NL)^^ (r-y^K^^ + if-V2^ 
+ t2+- (T-V8L3/8(iVL)-V4 + (iVL)-V4) [r-y^K^^ + K-V2) 

^ J^3/2+£yl/2 _^ j.7/4+£2^-l/4 

+ t2+^ (r-y^K^^ + K-V2) (^r-i/82^3/8 + (ArL)-V4 

^ 2,15/8+e _^ j.2+£ 2^-1/2 1^^,-1/42^3/4 _^ J^j.-l/82^3/8 _^ (ATL)"^/^ 

^ 2.15/8+e _^ 2"2+c_^-l/2 |^j.-3/8_^9/8 _|_ (jVL)"^/^. 

Prom (3.8) and (3.9) we get 
Gi ^ J-lS/S+e _|_ j'2+e j^jj^ ((iVL) V4k-i,K-V2 ^t-^/Sk9/8 + 1^ (iVL)-V4) 

(3.10) 

« ri5/8+- + r2+- ((iVL)!/^^-!)'^' (if-V2 (^r-3/8ir9/« + 1) (iVL)-i/4y/' 

^ 2^15/8+e _^ j.2+e 2^-3/4 (2.-3/162^9/16 _|_ j^-j 
^ 2nl5/8+e _|_ 2.2+£2^-3/4 ^ 2^53/28+£ 
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if we notice K » T'^/'^ . 

Now we estimate G2. By a splitting argument we get that the estimate 

j>3/2+£ 

°^ « (NMKLflH E 1 

'5<l')l<2« 

holds for some T~^/^ < < 1- By Lemma 5 we get that 

Tn3/2+e 

{NMKLf/*6^ ' 
« T3/2+^yi/2 + r-V2+^(i^(5)-i(iVL)V4 

By Lemma 3 we get (notice N < L < K) 

'7^3/2+e 
Tn3/2+e 

« t3/2+.(^1/8 ^ Ar-l/45-l/4)(^l/8 ^ ^-l/4^-l/4)(^l/4 ^ ^-1/2^-1/2) 

« ((7VL)V8 + LV8Ar-V4^-i/4 + (^nL)-^'H-^I^) {K^'^ + K-^'H-^'^) 

^ 3.3/2+.(^^)l/8^1/4 ^ 2.3/2+^(^^)1/8^-1/2^-1/2 

^ ^3/2+e(^l/4 ^ ^-l/2^-l/2)(^3/8^1/4 ^ 1) (iVL)" ^4^-1/2 
« T3/2+-yV2 + 3.3/2+e^-l/2 ^ ^3/2+e^-l/2^-l (^3/4^1/2 ^ i)(^3/8^1/4 ^ i)(JVL)-V4 
2-15/8+. ^ j.3/2+.^-l/2^-l (^9/8^3/4 ^ l)(ArL)-V4, 

where the bound 5 S> 

r-V2 was used to the term T^/'^+^S-y^. 
Prom (3.12) and (3.13) we get 

G « T'^/^^e , ^3/2+^ / (7VL)V4 ir9/8^3/4^A 

^2«T + ^_ mm ^> KV2(iVL)V4 j (^'^^^ 

^15/8+e ^ 

5 \ K ) \Ky\NLf/^) 

^ 2.15/8+e _^ 2.3/2+6^-1^-3/4(^9/16^3/8 _^ 
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If 5 » ^^-3/2, then (3.14) implies (recall S » r-V2) 

If (5 < then (3.14) becomes 

G2 < ri5/8+- + T^/^+^S-^K-^/^. (3.16) 

Since wc have 6 S> K^'^/'^ by Lemma 2 and 5 3> r~-^/2^ -^^g ggt (^"^ ^ 
niin(A''/'^, and thus from (3.16) we get 

G2 « rl5/8+^ + min(r2+=i^-3/4, r3/2+e^ll/4) ^g^-^^^ 
^ j^l5/8+e _^ ^2.2+£^-3/4-jll/14^y3/2+£^ll/4^3/14 
^ ji53/28+£ 

For G3, by a splitting argument and Lemma 5 again (notice |?7| S> 1) we 

get 

^ ' <5<|»7|<25,5>1 

« (iVMi^L)3/4 ^'^'^^^ « « 
Combining (3.6), (3.7), (3.10) and (3.15)-(3.18) we get 

J S2{x)dx < t53/28+s_ (3_;^9^ 

In the same way we can show that 

J S3{x)dx < r53/28+£ (3 20) 

by Lemma 3 and Lemma 6. 

From (3.2)-(3.5) , (3.19) and (3.20) we get 

/•2T q /•2T 

A\x)dx=^J^ xdx + OiT^^/^^+'), (3.21) 
which implies Theorem 1 immediately. 
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4 Preliminary Lemmas for Theorem 2 

In order to prove Theorem 2 , we need the fohowing Lemmas. 
Lemma 7. We have 



E{t) = ^iit) + ^2it) + 0{logH) 



with 



-^Y. h{t,n)cos{f{t,n)), (4.1) 

S2(i) :=-2 J2 dHn-V2(log-l-)-icos(ilog^-t + ^),(4.2) 

Mt,n) := {-lfd{n)n-'/\^ + i)-V4(^(^^ (4.3) 
g{t,n) -arsinhii^)^/^), (4.4) 

/(i, n) := 2tg{t, n) + (27rnt + vr^n^)^/^ - 7r/4, (4.5) 
At < iV < A't, N' := t/27r + N/2 - + A^^/27^)^/^ (4.6) 

where < A < A' are any fixed constants. 

Proof. This is the famous Atkinson's formula, see Atkinson [1] or Ivic[5, 
Theorem 15.1]. □ 

Lemma 8. Suppose Y > 1. Define 

(-l)"+'"+^'+'d(n)d(m)d(fc)d(Z) 



C2 



E 



Ai+\/m=vfe+V^ 



^ V- {-ir+"'+''+'d{n)d{m)d{k)d{l) 
^ {nmklf/^ 

, , _ d{n)d{m)d{k)d{l) 
"""^ " ^ (nmA;Z)3/4 " 

n,m,fe,/<y 

Then we have 

C2 = C^, C2(y) = cl{Y), |C2 - C2(y)| « y-V2+e. 
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Proof. The estimate |c2 — C2(F)| <^ y-i/2+£ jg special case of Lemma 3.1 
of the author [14] . The cquahties C2 = and C2{Y) = c|(y) fohow from 
the fact that if ^/nl + ^Jni = -y/ns + -y/ni, then ni + n2 + n3 + 714 must be 
an even number . 

□ 

Lemma 9. Suppose y > 1, then we have 

o- CT^N ._ d{n)d{m)d{k)d{l) max(n, m, k, if 

^ {nmklfl^ ^ 

n,m,k,l<Y 

Proof. Suppose ^/n + ^/m = y/k + Vl, then we have 

(1) n = k,m = I or n = l,m = k; 
or 

(2) n / A;,/. 

If the case (2) holds, then by a classical result of Besicotitch, we know 
that 

n = n\h, m = m\h, k = kfh, I = ifh, ni + mi = ki + li,fi{h) 7^ 0. 

Thus we get 

Hi{Y) <Ei + S2, 

^ d^(n)d^(m)msix(n,k)^ ,^t:/9, 

V <^ \^ max(ni,mi,fci,/i)^ 
.4^ .... 

ni,mi,fei,ii<Vi/2/j-i/2 

1,9/2 



h<Y n^+mj^kj+lj i^llTT'lh) 

ni,mi,ii<fci<yi/2/i-l/2 

; 9/2 

,^4" ^ (nimi)3/2 

ni,mi<fei<Yi/2/i-i/2 

/K'S^ "1 ifci<mi<ifci<yV2h-l/2 

« J] (y V2/j-l/2)5 y5/2+._ 
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□ 

Lemma 10. Suppose y > 1, then we have 

n,m,k,l<Y 

Proof. If ^/n + ^/m + = then we have 

n = n\h, m = mfh, k = kfh, I = ifh, ni + m\ + ki = li,fi{h) 0. 
Thus we get 

(ni + mi + fei)^/^ 



H2{Y) < J2 



□ 



Lemma 11. Suppose fj{t){l < j < k) and g{t) are continuous , mono- 
tonic real- valued functions on [a, b] and let g{t) have a continuous , mono- 
tonic derivative on [a,b]. If \fj{t)\ < Aj{l < j < k),\g'{t)\ A for any 
t G [a, b], then 

rb 

/ /i (i) • • • fk{t)e{g{t))dt « ^1 • ■ • ^feA-\ 
Proof. This is Lemma 15.3 of Ivic[5]. □ 

5 Proof of Theorem 2 

Suppose T > 10. It suffices to evaluate E'^{t)dt. Let y := tV^-^ . For 
any T < i < 2T, define 

n<2/ 

Prom the inequality (a -|- 6)^ — <^ + 1^1^) we get 

/ E\t)dt= / £f{t)dt + 0{ \£i{t)\^\£2{t)\dt) + 0{ \£2{ttdt). 
Jt Jt Jt Jt 

(5.1) 
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5.1 Evaluation of 8f{t)dt 

In this subsection , we shall evaluate the integral £f{t)dt. Similar to 
Tsang[ll], we can write 

£t{t) = ^S,(t) + y,{t) + \s,{t) + \s,{t) + ^S,{t), (5.2) 

where 

Sh{t) := ^ H(t;n,m,k,l)cos{Fi{t;n,m,k,l)), 

n,m.k,l<y 

Vk+Vl 

Selt) := H(t;n,m,k,l)cos{Fi{t;n,m,k,l)), 

n,m,k yl-Cy 

Svit) ■= H{t;n,m,k,l)cos{F2{t;n,m,k,l)), 

n,m,,k ,l<.y 

^/n+y/m.+Vk=Vl 

Ss{t) := ^ H{t;n,m,k,l)cos{F2{t;n,m,k,l)), 

n,m,k,lKy 

SQ{t) := H{t]n,m, k,l) cos{F3{t]n,m, k,l)), 

n,m,k,l<y 

H(t; n, m, k, I) := h{t, n)h{t, m)h{t, k)h{t, I), 
Flit; n, m, k, I) := f{t, n) + f{t, m) - f{t, k) - f{t, I), 
F2{t; n, m, k, I) := f{t, n) + f{t, m) + f{t, k) - f{t, I), 
F3{t; n, m, k, I) := f{t, n) + f{t, m) + f{t, k) + f{t, I). 

We first estimate the integral J^^ S5{t)dt. For n < y, it is easy to check 
that 

(5.3, 

fit, n) = 23/2(^nt)i/2 _ ^ 0(^^3/2^-1/2)^ ^^^^^ 
f'{t,n) = 2'/\nn)'/H-'/^ + Oin'/^t-^/^). (5.5) 



If ^/n + s/m = Vk + Vl, then 



cos(Fi(n, m, k, I)) = cos(0(-^)) = 1 + 0(— ), (5.6) 
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where D := max(n, m, k, I). So from (5.3), (5.6), Lemma 8 and Lemma 9 we 
get 

f.2T r2T 



pZI I'll 

/ S5{t)dt = / H{t;n,'m,k,l)cos{Fi(t;n,'m,k,l))dt 

(5.7) 



^ (-l)"+™+^+'d(n)d(m)d(A;)d(0 



TT (nmkl)^/^ 

n,m,k,l<y 

Vk+Vl 

X t(i+o(_))(i + (_))dt 



E 

I, 



(-l)"+"^+'^+'d(n)d(m)d(A:)d(Z) 



TT — ' (nmklYl^ 

n.m,k.l<.y ^ ' 



t{i + {—))dt 



X 

Jt ^ ^ t ^ ' 

f.2T 

{nmklfl'^ Jt 



8 ^ (-l)"+^+^+'d(n)d(m)d(fc)d(Z) 
^ ^ (nmfc03/4 Jt 

y/n+ ^/rn= Vk-\- \fl 



+ 0{TH^{y)) 

= ^ r tdt + 0{T^+'y'>/'' + T^+^y- V2) 
v" Jt 

= ^ rtdt + OiT''/^+'). 
TT Jt 

Now we estimate /^"^ SQ{t)dt. Prom (5.5) we get 

Fiit; n, m, fc, Z) = (27r)i/2^r ^2 + 0(1)3/2^-3/2^^ 
where 77 = + — Vk — Vl- Write 

/ Se{t)dt= I S(i{t)dt+ I S(i{t)dt. (5.8) 

Jt •''|r?|<T-i/2 7|??|>T-i/2 

If \ri\ < T~"^/2, the by (5.3) and the trivial estimate we get 

/ S,m«T' y d{n)d{rn)d{k)d{l) _ 

J\r,\<T-y^ ^ {nmkiy/'^ 

n,rn,k,l<y;\-n\<T-'-/ 



(5.9) 
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If |r/| > T-V^ then \F[{t;n,m,k,l)\ » \v\T~'^^'^, thus from (5.3) and 
Lemma 11 we get 

7|^l>r-i/2 ^ (nmA;Z)'^/4|r?| 

Prom (5.9), (5.10) and the estimate in Section 3 we get 

(5.11) 

If ^Jn + \/m + \/^ = Vl, then from (5.4) we have 

F2{t-n,m,k,l) = -7r/2 + 0(Z^/V^/2), cos F2{t;n,m,k, I) < Z3/2^-i/2_ 
Thus from (5.3), the trivial estimate and Lemma 10 we get 

/■2T 

Similar to the integral J^'^ SQ{t)dt, we have 

/•2T 

y 58(t)di < r53/28+^ (5.13) 

From (5.5) we get 

F^{t; n,m,k,l)-> {■^ + ^ + \fk + Vl)T-^/^, 
which combining (5.3) and Lemma 11 implies 

rS.m« E ^W^M^(fe)^(0^^; «r3/2+.^V2^^^a/3-... 

•^^ (nmfeO^/4(V^ + + Vfc + \//) 

(5.14) 

Prom (5.2), (5.7), (5.11)-(5.14) we get 

/ ^^^^ o(j.53/28+e) (5 ^5) 
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5.2 Completion of proof of Theorem 2 

Let ^0 = 35/8. Ivic[5, Thm 15.7] proved the estimate 

£ \E{t)\^°dt<^T^+'^''/^+'. (5.16) 



By his method we can show 

f2T 



Thus 

r2T 



IT 

We also have 



J <ri+^o/^+^ (5.17) 

/ \62it)\^'dt < T^+^°/^+'. (5.18) 
Jt 



/ |£:2(t)pdt«TV2+.y-i/2^ (5-^9) 
Jt 

which is the formula (4.15) of the author[14]. Prom (5.18) , (5.19) and the 
Holder's inequality we get that the estimate 



I-2T 

J \S2{t)\^dt < rl+^/4+ey-(Ao-A)/2(Ao-2) ^^ ^O) 

holds for any 2 < A < Aq. The details of the above estimates can be found 
in the author [14]. 

Prom (5.17), (5.20) and the Holder's inequality we get 

p2T / i-T \ 3Mo / /-T \ (-4o-3)Mo 

(5.21) 

<C 2^2+£y-(Ao-4)/2(Ao-2) ^ 2n2-19/108+e 

Prom (5.1), (5.15), (5.20) with ^ = 4 and (5.21) we get 

/'2T /.2T 

/ E\t)dt = ^ / tdt + 0(r53/28+^) (5.22) 
Jt 47r Jt 

and Theorem 2 follows. 
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